Let C=( V, A) be a digraph on n vertices with maximum degree A and diameter D, so that n < n(A, D) = 1 + A + AZ + ... + AD (Moore bound). Let 6, K and 1, be respectively the minimum degree, (vertex-) connectivity and arc-connectivity of G. The digraph G is said to be super-rc if all its minimum disconnecting sets are trivial. Analogously, G is called super-l if all its minimum arc-disconnecting sets are trivial. In this paper it is proved that G is super+ if n>h{n(A,D-l)+n(A,1-1)-2}+AD-'+'+l; G is super- l if n>G{n(A,D-l-l)+n(A,I-l)}+Av~', where I stands for a parameter related with the number of short paths. Similar results are given for graphs (in this case it turns out that I=L(g-1)/2 J where g stands for the girth).
Notation and basic results
Let G = (V, A) denote a digraph with the (finite) set of uertices V= V(G) and the set of arcs A = A(G), which are ordered pairs of different vertices of V. So, neither loops nor parallel arcs are allowed. If e=(x, ~)EA we say that x is adjacent to y and that y is adjacentfrom x. Let T-(x) and T+(x) denote respectively the sets of vertices adjacent to and from x. Their cardinalities are the in-degree of x, 6-(x) = Ire(x and the out-degree of x, S'(x)=lr+(x)(. The minimum [maximum] degree of G, 6=6(G) [d = A(G)], is the minimum [maximum] over all the in-degrees and out-degrees of the vertices of G. In our context, a set F c V, IF I = 6, will be called trivial if there exists a vertex x such that F =T- (x) or F =r'(x). A triuial set of arcs EC A, JEl=6, is defined analogously.
For any pair of vertices x,y~ V, a path xxlxz ... x,_ 1y from x to y, with not necessarily different vertices, is called an x-y path. The distance from x to y is the length of a shortest x+y path and is denoted by C&(X, y)=d(x, y), whereas D = D(G) = max{ d(x, y); x, ye I'} stands for the diameter of G. The distance from x to Fc V, denoted by d(x,F), is the minimum over all the distances d(x,f), ~EF. The distance from F to x, d(F, x) , is defined analogously.
Since the number of vertices at distance i from x is at most d', 0 < id D, the order of G satisfies the inequality
where n(A, D) is known as the Moore bound. The digraphs attaining this bound are called Moore digraphs, and it is known that they only exist if A = 1 or D = 1. Those digraphs which have order "close" to the Moore bound are usually called large (or dense) digraphs.
In the line digraph LG of a digraph G, each vertex represents an arc of G. Thus,
V(LG)= {uu;(u, u)EA(G)};
a vertex uv is adjacent to a vertex wz iff u = w, i.e. when the arc (u, u) is adjacent to the arc (w, z) in G. The k-iterated line digraph, LkG, is defined recursively by LkG= LLk-' G. From the definition of LG, it is clear that
s(LkG)=s(G)=8
and A(LkG)= A(G)=A for any kg 1. Moreover, if G is d-regular (6 = A = d), d > 1 and has order n and diameter D, then LkG is also d-regular and has dkn vertices and diameter D(LkG)=D(G)+k.
(2) See, for instance, [11] or [14] . In fact, (2) holds for any connected digraph G different from a directed cycle, see [l] . A digraph G = (V, A) is said to be (strongly) connected when for any x, YE V' there always exists an x-+y path. The connectivity (or oertex-connectivity) of G, K = K(G), is the smallest number of vertices whose deletion results in a digraph that is either non-connected or trivial. The arc-connectivity of G, 1=2(G), is defined analogously. Throughout the paper, G stands for a connected digraph. So a(G)2 1. It is wellknown that K ~1~6 d A. Hence, G is said to be maximally connected (respectively, maximally arc-connected) when JC = 6 (respectively, I = 6). Also, since the vertices of LG represent the arcs of G, it can be shown that
ic(LG)= A(G). (3)
Similar notation and results apply, and are well-known for (undirected) graphs. For instance the Moore bound for the number of vertices in this case is,
n<l+A+A(A-l)+~~~+A(A-l)D-' =l+An(A-l,D-1)= A(A;:)20-2, (A>2), (4)
which is only attained if D = 1 or D = 2 and A = 3,7 and perhaps 57.
For all the definitions not given here we refer the reader to any standard book on Graph Theory. See, for instance, [S] .
In order to study the connectivity of graphs and digraphs, Fabrega and Fiol [7] (see also [lo] ) introduced a new parameter related with the number of short paths, the definition of which is as follows. Note that 12 1 since G is loopless. In [7] it is proved that this parameter satisfies an equality like (2), namely,
providing G is not a cycle.
In [lo] , it was shown that the parameter 1 is related to the distance that can be reached away from a given non-trivial set of 6 vertices or arcs. More precisely, the following two lemmas were proved. Since an undirected graph G can be seen as a symmetric digraph, the definition of 1 and the above results also apply for graphs. Moreover, in this case it turns out that l=L(g-1)/2 1 where g=g(G) is the girth of G.
Lemma 1.2. Let G =( V, A) be a digraph with minimum degree 6 2 3 and parameter l= l(G) > 2. Let F, 1 F) = 6, be a non-trivial set of vertices and XE

Superconnectivity of digraphs
In recent years, several results relating the connectivities of a graph or digraph with the aforementioned parameters, n, 6, A, D and 1, have been given. See the survey of Bermond, Homobono and Peyrat [2], or the papers [6] [7] [8] [9] [10] 12, 13, 16, 17] for more details. For instance, the author gave the following sufficient conditions for a digraph, with parameters n, 6 > 1, d, 1 and D, to be maximally connected [9] :
Also, in the same reference it was proved that these results are best possible, at least for d-regular digraphs.
Let G be a maximally arc-connected digraph. Then any trivial set of arcs is obviously a minimum arc-disconnecting set. Thus, G is said to be super-2 if every minimum arc-disconnecting set is trivial. Similarly, a maximally connected digraph is called supera if every minimum vertex-disconnecting set is trivial. Super-A and super-x graphs are defined analogously.
The study of super-2 digraphs or graphs has a particular significance in the design of reliable networks, see [4] . This is due to the fact that attaining super-A implies minimizing the number of minimum arcdisconnecting sets [ 151.
From the definition of line digraph, it is clear that
LG
In [7, lo] it has been proved that if G has minimum degree 6 > 3, diameter D and
These results have some interesting corollaries for both digraphs and graphs. For instance, the following ones state that, if the iteration order is large enough, the k-iterated line digraph of G is superconnected.
In [S] , the author grouped ideas given in [3] and [lo] to derive some new sufficient conditions for a digraph (or graph) to be superconnected, which are of the same type as (6a) and (6b). Namely, it was shown that, if G is a digraph with minimum degree 6 $3, parameter I = I(G) and diameter D, then 
WC)
Note that in (10a) we can assume D 221 (*D-1-1 aO), since otherwise G is super-l by (8a). Then, in the range of interest, the larger the parameter 1( 2 1) the smaller the bound on n. Similar remarks apply for (lob). In particular taking I= 1 in (lOa) we can conclude that, for any digraph G with 623,
This result was slightly improved by Soneoka in [15] who showed that, for any digraph G with 6 > 2,
He also proved that this bound is best possible, at least for d-regular digraphs with diameters 2 and 3.
In what follows we develop further the ideas used in the aforementioned papers to improve the results in [8]. To begin, let us consider the case of super-vertex-connectivity. d-regular, d 2 2, and   (134   n>d{n(d,D-l)+l}-dD-'+Ld/(d-1)J.  (13b) Proof. First, assume that the hypothesis (13a) holds. Then, assuming D-l + 181 (=c-D 2 3), for otherwise (8b) holds, the digraph G is maximally connected by (6b). Let F be a minimum disconnecting set of G, that is IFI = 6 and G-F is not connected. Then the set V-F can be partitioned into two disjoint non-empty sets V-, V+ such that G-F has no arcs from Vto V+ . Let the vertices of Vand V+ be respectively partitioned into subsets Vi, O< i< k, and ~j, O<j<k', according to their distance to and from F, i.e. Vi={xEVV;d(x,F) 
Theorem 2.1. Let G = (V, A) be a digraph with maximum degree A, minimum degree 6, diameter D > 3 and 1= l(G). Then
G is super-u ifS>3, la2 and n>6{n(A,D-I)+n(A,l-1)-2}+AD-'+'+l,
or G is
=i} and ~j={X~V';d(F,X)=j} (V,=V$=F).
Notethat~Vi~dAIVi_,(,1~i~k,andI~j~dAI~j-1I,1dj~k'.Asanypathfrom Vto V+ goes through F, the distance from a vertex in V, to one in I$,, is at least k + k', so that k+k'<D. Without loss of generality, suppose kg k'. Now, suppose that F is nontrivial.
Then, applying Lemma 1.2 it is obvious that k > I-1. Let us consider the following three cases:
Then k'<D-l-l, D>21+2, and therefore the order n=l VI of G must satisfy
n= i IVil+ i IVjI-IFI<G{n(A,k)+n(A,k')-1)
i=O j=O
<s{n(A,l+l)+n(A,D-l-1)-1} <6{n(A,D-l)+n(A,l-1)-2}+AD-'+'+l,
since D -12 1+ 2. A contradiction to the hypothesis. Obviously, these paths are of length <D and there is at least one of them for eachf,, since G is supposed to be connected. We claim that the existence of these paths implies the upper bound for the cardinality of the set V~_lU~D_l+Ir i.e. 8d'-'+dD-'+', must be reduced by at least 6 -1. The (rather tedious) proof of this fact is routine and essentially the same as that given in [9, Theorem 11. Hence it is omitted here. From the above, The case 6 = d = d 2 2, i.e. G d-regular, is proved using the same method with minor changes. Namely, partition the set V as above, assume that F is not trivial, and consider the two cases: k32 (=z=D>4) (very easy) and k= 1 (remember that, in the worst case, I= 1). Now, in the last case let T+(X),XE Vl and r' be defined as above. Clearly, 1 d r + <d -1 because F is nontrivial and G is d-regular. Moreover, since the number of vertices adjacent to F is at most d2, it must be ) VI 1~ Ld2/r+ 1. Hence, IV1I+I~~-~lILLd2/r+J+r+dD-16Ld2/(d-l)~+(d-l)dD-1. 0
Corollary 2.2. Let G be a digraph with m arcs, maximum degree A, minimum degree 6 2 3, diameter D 3 2 and l(G) = 1( 3 1) . Then G is super-2 ifm>6{n(A,D-l)+n(A,l) -2)+AD-'f'+1. (14) Proof. Assume that the result is not true. Then there would be a nonsuper-digraph G with m arcs and parameters 6 2 3, A, D 3 2, 1 Z 1, such that Moreover, if the digraph G is d-regular, 6 = A = d > 3, then its number of arcs is m=dn. Substituting these values in (14), we obtain the following result.
Corollary 2.3. Let G be a d-regular digraph, d > 3, on n vertices with diameter D > 2 and l(G) = 1. Then G is super-2 ijn>d{n(d,D-I-l)+n(d,l-l)}+dD-r. (15)
In particular since, for any digraph, 12 1 we get the following corollary.
Corollary 2.4. Let G be a d-regular digraph, d 2 3, on n vertices with diameter D 2 2. Then
Note that this result could also be obtained from (12) by taking 6 = A = d, and hence it is also valid for d = 2.
As stated above, Soneoka [lS] proved that such conditions are best possible for small values of the diameter. He constructed maximally arc-connected d-regular digraphs (d > 2), Gl and G2, with diameter D =2 and 3, and order n = 3d and 2d2 + 2d respectively, which have a nontrivial minimum arc-disconnecting set. On the other hand, note that taking 1=2 in (13a) and assuming that G is still d-regular, we have the following corollary.
Corollary 2.5. Let G be a d-regular digraph, d 2 3, on n vertices with diameter D > 3 and l(G) 2 2. Then
(Note that if D= 1=2 then G is super+ by (8b)).
We conjecture that, like (16a) and (16b), the above results are best possible. In support of this conjecture we have the line digraphs of Soneoka's (nonsuper-2) digraphs Gr and G2. Indeed, LG1 and LG2 have diameter D = 3 and 4, parameter I= 2 (1(G,)= I(G,)= l), and order 3d2 and 2d3+2d2, respectively (only one less than the bounds given by Corollary 1.8), but from (7) they are not super-K. Let G be a d-regular digraph (d > 3) of order n, diameter D > 2 and I = 1(G). Then, as stated in Section 1, the k-iterated line digraph LkG has order dkn, diameter D + k and l(LkG) = I + k. Hence, substituting these values in (13a), we get the following sufficient condition for LkG to be super-K:
Solving for k, and considering that this value must be an integer, we can explicitly show what is the minimum iteration order for which the inequality holds.
Corollary 2.6. Let G be a digraph as above. Then
LkG is super-K (2d-l)(dD-r-1)+1 ifk>log, (d_l)n_d,+l .
Since 2dD-'+ ' > (2d -1) (dD-tl), (19) implies the following result to be compared with (9b).
LkG is super-k if k>D-1+2-logd{((d-l)n-d'+')/2}.
A sufficient condition on the number of vertices for any digraph G to be super-2 can be obtained by using a direct reasoning, which is similar to the one used in the proof of Theorem 2.1.
Theorem 2.1. Let G be a digraph with minimum degree 6 23, 1= l(G) and diameter 022.
Then
Proof. Assuming D -12 1 (otherwise G is super-l by (8a)), G is maximally arc-connected by (6a). Let E be a minimum arc-disconnecting set, 1 E ( = 6, and consider the two disjoint vertex sets Suppose that E is not trivial. Then, by Lemma 1.3, it is clear that k 2 I-1 if 1 FI = 6 and k > 1 otherwise. Hence it suffices to consider the cases k > 1 and k = l-1.
Case ( Note that taking l= 1 in (20) we obtain Soneoka's result (12) . It is interesting to note that Theorem 2.7 also implies the result of Corollary 2.2 (and hence those of Corollaries 2.3 and 2.4 as well). Indeed, from the hypothesis in (14) and the inequality nam/A we readily conclude that the hypothesis of Theorem 2.7 holds. In a sense, we could say that Corollary 2.2 shows the relationship between Theorems 2.1 and 2.7.
If we consider the k-iterated line digraph, Lk G, of a d-regular digraph G (d > 3) on n vertices, diameter D and parameter I= l(G), Theorem 2.7 particularizes to:
LkG is super-l if dkn>d{n(d,D-l-l)+n(d,l+k-l)}+dD-'
and hence the result similar to Corollary 2.6 is the following.
Corollary 2.8. Let G be a d-regular (da 3) digraph on n vertices, with l(G)= 1 and diameter D. Consider the k-iterated line digraph LkG. Then Compare with (9a).
Superconnectivity of graphs
Now let G =( V, A) be a graph on n vertices, with maximum degree A, minimum degree 633, diameter D, and girth g. Sufficient conditions for G to be maximally connected were given in [6, 16, 17] . The best results were given by Soneoka, Nakada, Imase and Peyrat [17] who managed to prove that
They also showed that these conditions are best possible, at least for small values of the diameter.
With respect to the superconnectivity of G, the following corollaries of (8a) and (8b) were first proved in [7] .
D<g-4, g even.
(244 GW Moreover, the following sufficient conditions on the number of vertices, involving also the parameter 1, were given in [S] . As in the case of digraphs, (25a) was improved by Soneoka [15] when I= 1, since he proved that G is super-2 if n>6{n(A-l,D-2)+1}+(A-1)D-1.
He also showed that this result is best possible, at least for G, d-regular and diameters 2,3,4 and 6. We give here the following theorem which improves the results (25) and generalizes (26). The proof of this theorem is quite similar to the proofs of Theorems 2.1 and 2.7. In particular, note that (27a) can be obtained from (20) by substituting A -1 for A.
Besides, (27a) particularizes to Soneokas's result (26) when we take I= 1. For 3-regular graphs (27~) results in n >ZD+l. This is the same condition as (26) particularized to 6 = A = 3. Therefore, in this case the examples of nonsuper-3regular graphs given by Soneoka [15] show that (27~) is best possible, since they are also nonsuper-rc. We have found by computer search other examples of nonsuper-lc regular graphs whose order attains bound (27~). For instance, the 4-regular graph of Fig. 1 has diameter 2 and n = 13 vertices. However, it is not super-K since the deletion of the (non-trivial) set { 3,8,10,13} isolates the edge (1,2).
